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Abstract
Employing the relativized quark model and the quark-interchange model, we investigate the decay of
the charged heavy quarkonium-like states Zc(3900), Zc(4020), Zc(4430), Zb(10610) and Zb(10650) into
the ground and radially excited heavy quarkonia via emitting a pion meson. The Zc and Zb states are
assumed to be hadronic molecules composed of open-flavor heavy mesons. The calculated decay ratios can
be compared with the experimental data, which are useful in judging whether the molecule state assignment
for the corresponding Zc or Zb state is reasonable or not. The theoretical framework constructed in this
work will be helpful in revealing the underlying structures of some exotic hadrons.
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I. INTRODUCTION
In the last decade, numerous exotic states were observed in experiments, which results in a
renaissance of the study on hadron spectra. Among those exotic hadrons, some of them are unam-
biguously beyond the conventional qq¯ or qqq model, such as the charged heavy quarkonium-like
states Zc and Zb [1–12] and the heavy pentaquark candidates Pc(4380) and Pc(4450) [13].Various
theoretical interpretations concerning the intrinsic structures of these exotic states have been
proposed in literature, such as the threshold effect [14–23], tetraquark state [24–34], hadronic
molecule state [35–50], hadro-quarkonium state[51–54]. We refer to Refs. [55–58] for a recent
review about these studies.
An intriguing characteristic of thoseXY Z states is that most of them are located close to two-
particle thresholds, which inspires many theorists to regard theXY Z states with this characteristic
as the candidates of hadronic molecules, i.e., bound systems of two hadrons analogous to conven-
tional nuclei. What we are interested in this work is the charged heavy quarkonium-like states
Zc(3900), Zc(4020), Zc(4430), Zb(10610), and Zb(10650). They stay in the vicinity of D
∗D¯,
D∗D¯∗, D¯D∗(2S) (or D¯∗D(2S)), B∗B¯ and B∗B¯∗ threshold, respectively. Correspondingly, these
Zc and Zb states
[1] can be regarded as the hadronic molecules composed of these open-flavor
meson pairs. The decay patterns of Zc and Zb also show some interesting characteristics. Both
the valence-quark contents and spin-parity quantum numbers of Zc(3900) and Zc(4020) are the
same. As hadronic molecule candidates, they should have the similar decay patterns in the heavy
quark limit [59–61]. However, for the hidden-charm channels, the existence of Zc(3900) was only
confirmed in the J/ψpi invariant mass spectrum; The Zc(4020) was observed in the hcpi chan-
nel and has a mild signal in the ψ(2S)pi, but no obvious signal is observed in the J/ψpi channel
[5–7, 62, 63]. There are structures around 4.02 GeV and 3.9 GeV observed in ψ(2S)pi distribu-
tions, but the current experiment conclusion is still indefinite due to the complexity of the data
[64]. Besides, it is found that another charged state Zc(4430) prefers to decay into ψ(2S)pi in-
stead of J/ψpi [1–4]. These observations are challenging both the theoretical and experimental
understanding of the intrinsic structures of exotic hadrons.
Under the molecular state ansatz, a nonrelativistic constituent quark model was introduced in
Ref. [65] to estimate the decay amplitudes of Zc and Zb, and the numerical results favored the
molecular state assignments for Zc and Zb by comparing with experiments. But there are several
theoretical uncertainties left in Ref. [65], which may affect the numerical results significantly. For
instance, it is not a good approximation to treat the pion meson, the lightest Nambu-Goldstone
boson, as a nonrelativistic system. In addition, the relativistic effect of the light quark in the Qq¯
system is supposed to be even larger than that in the qq¯ mesons, and the wave-functions of charmed
and bottom mesons obtained in the nonrelativistic quark model may not work very well. The
wave-functions which reflect the long-distance behavior of hadronic molecules are also ignored
in Ref. [65]. Taking into account that the scattering amplitude might be very sensitive to the
potentials and some relevant spatial wave functions, in this work we attempt to use a relativized
quark model to improve the results. More decay channels, such as the one involving P -wave heavy
quarkonium, will also be studied.
The article is arranged as follows: In Sec. II, the relativized quark model and the quark-
interchange model are introduced to describe the hadronic molecule decaying into one heavy
quarkonium state and one light meson. The numerical results concerning the branching fraction
[1] If not stated, we use Zc (Zb) to represent an arbitrary charged charmonium-like (bottomonium-like) state in the
following sections.
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ratios are displayed in Sec. III. A summary is given in Sec. IV.
II. THE MODEL
A. The relativized quark model
The relativized quark model is employed in our calculation due to its success in describing both
the heavy and light meson spectra [66]. For the quark-quark interaction i(pi)j(pj)→ i(p′i)j(p′j),
the explicit effective Hamiltonian in the momentum space reads
HIij(q) =
λi
2
λj
2
∑
a
V ija =
λi
2
λj
2
[Vc(q) + Vl(q) + Vh(q) + Vso(q) + Vt(q)] , (1)
where the pi(j) and p
′
i(j) are the momenta of the quark i(j) in the initial and final states. The λ is the
Gell-Mann matrix. For an antiquark, it is replaced by−λ∗. The Vc, Vl, Vh, Vso and Vt represent the
one-gluon-exchange (OGE) Coulomb-like interaction, linear confinement interaction, hyperfine
interaction, spin-orbit interaction, and tensor interaction, respectively. Their explicit forms are
Vc(q) =
∑
k
ω
1
2
ij
4piαke
− q2
4τ2
kij
q2
ω
1
2
ij,
Vl(q) =
6pib
q4
e−q
2/4σ2ij ,
Vh(q) = −
∑
k
ρ
1+ 1
2
ǫconst
ij
8piαke
− q2
4τ2
kij
3mimj
si · sjρ1+
1
2
ǫconst
ij ,
V Gso (q) =
∑
k
4piαke
− q2
4τ2
kij
q2
[
ρ
1+ 1
2
ǫso(v)
ii
i(q×Pi) · si
2m2i
ρ
1+ 1
2
ǫso(v)
ii − ρ
1+ 1
2
ǫso(v)
jj
i(q×Pj) · sj
2m2j
ρ
1+ 1
2
ǫso(v)
jj
− ρ1+
1
2
ǫso(v)
ij
i(q×Pj) · si − i(q×Pi) · sj
mimj
ρ
1+ 1
2
ǫso(v)
ij
]
,
V lso(q) = −
6pib
q4
e−q
2/4σ2ij
[
ρ
1+ 1
2
ǫso(s)
ii
i(q×Pi) · si
2m2i
ρ
1+ 1
2
ǫso(s)
ii − ρ
1+ 1
2
ǫso(s)
jj
i(q×Pj) · sj
2m2j
ρ
1+ 1
2
ǫso(s)
jj
]
,
Vt(q) = ρ
1+ 1
2
ǫtens
ij
4pi
∑
k αke
− q2
4τ2
kij
mimjq2
[(si · q)(sj · q)− q
2
3
si · sj ]ρ1+
1
2
ǫtens
ij , (2)
with q = pi(j) − p′i(j), and Pi(j) =
pi(j)+p
′
i(j)
2
. The si(j) and mi(j) represent the spin operator and
mass of the quark with index i(j), respectively. The spin-orbit interaction is divided into two parts,
i.e., Vso = V
G
so +V
l
so, where the superscriptsG and l indicate the interactions arising from the OGE
and the linear confinement potentials, respectively.
The α(q2) is the running coupling constant calculated in perturbative QCD and parametrized
by three Gaussian functions as follows to simplify the numerical calculation,
α(q2) =
12pi
(33− 2Nf)ln(q2/Λ2) ≈
3∑
k=1
αke
−q2/4γ2k , (3)
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TABLE I: The values of the parameters.
mu(d) (GeV) mc (GeV) mb (GeV) b (GeV
2) ǫconst ǫso(v) ǫso(s) ǫtens σ0 (GeV) s
0.220 1.628 4.977 0.18 −0.168 −0.035 0.055 0.025 1.80 1.55
αs α1 α2 α3 γ1 (GeV) γ2 (GeV) γ3 (GeV) Λ (MeV)
0.60 0.25 0.15 0.20 0.5 1.58 15.81 200
where Λ denotes the QCD scale and Λ = 200 MeV. Nf is the number of the quark flavors which
satisfy 4m2f < q
2 (mf is the quark mass). k denotes the index of the Gaussian function. The
αk is the coefficient of the kth gaussian function in the parametrization, and γk is its oscillating
parameter.
Compared with the nonrelativistic quark model employed in Ref. [65], two factors
ωij = 1 +
pipj
EiEj
and ρij =
mimj
EiEj
, (4)
are introduced to describe the dependence of the potentials on the momenta of the interacting
quarks. Moreover, a smearing function
σ3ij
π3/2
e−σ
2
ijr
2
is introduced to account for the nonlocal effect,
since the interactions depend on both Pi(j) and q. The relevant parameters in Eq. (2) read
σij = σ0(
1
2
+
1
2
(
4mimj
(mi +mj)2
)4) + s2(
2mimj
mi +mj
)2,
τ−2kij = γk
−2 + σij
−2. (5)
The values of all the parameters referred are determined by fitting the mass spectra of mesons and
are listed in Table I.
The relevant spectra calculated in the relativized quark model are displayed in Tables VII and
VIII in Appendix A, where the nonrelativistic quark model results and the experimental data are
also listed for comparison. For the heavy quarkonium, the relativistic effects can be neglected
due to the large masses of the heavy quarks. The mass spectra match the experimental data well
in both the nonrelativistic and relativized quark models. However, the mass spectra of the open-
flavor mesons in the relativized quark model fit the experimental data much better than those in
the nonrelativistic quark model, especially for the radially excited states. It indicates that the rela-
tivistic effects are important in the open-flavor meson regime. For the light mesons, the relativistic
effects are also not negligible. In Ref. [66], the authors showed that the mass spectra of the light
mesons and their excitations are well reproduced in the relativized quark model. Therefore one
can also expect that the relevant decay amplitudes calculated in the relativized quark model are
more reliable than those in the nonrelativistic quark model.
B. The quark-interchange model
The exotic heavy quarkonium-like states Zc(3900), Zc(4020), Zb(10610) and Zb(10650) are
generally supposed to be the hadronic molecules composed of D¯D∗ + c.c., D¯∗D∗, B¯B∗ + c.c.
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FIG. 1: Prior diagram of scattering process AB → CD. The curly line denotes the interactions between
the quarks.
and B¯∗B∗, respectively. This is mainly because their masses are close to the thresholds of the cor-
responding components. However, the hadronic molecule interpretations are not well established
yet. To understand these exotic states better, it is necessary to study their properties from various
aspects. The strong decay modes of a hadron usually have close connections with its intrinsic
structure.
For a hadronic molecule, we can describe its strong decays in terms of the near threshold
scattering between the two hadron components. We consider the meson-meson scattering process
A(qQ¯) +B(Qq¯)→ C(qq¯) +D(QQ¯), (6)
where q (q¯) and Q (Q¯) are the light and heavy quarks (antiquarks) in the mesons. To calculate the
amplitude at the quark level, we employ the Barnes-Swanson quark-interchange model introduced
in Refs. [67–69]. In this model, the meson-meson scattering amplitudes are evaluated at Born
order with the interquark Hamiltonian, which are decomposed as
H =
4∑
i=1
√
p2i +m
2
i +
∑
i<j
HIij = H
0
AB +H
I
AB = H
0
CD +H
I
CD, (7)
whereH0 is the Hamiltonian of two free mesons,HIAB (H
I
CD) represents the interactions between
the mesons A and B (C and D). For a molecular state decaying into a heavy qaurkonium and a
light meson, the heavy quark and antiquark in the initial open-flavor mesons have to form the final
heavy quarknium state, therefore the short-range interactions are expected to play the dominant
role in such decays. The molecular state wave function can account for part of the long-range
effects, which will be discussed later. In Ref. [70], the three-quark interactions in the baryons
are treated perturbatively. Similarly, we do not take into account the three-quark and four-quark
interactions in this work.
According to Eq. (7), we obtain the “Prior” and the “Post” T -matrix elements as illustrated in
Fig. 1 and Fig. 2, respectively. Their difference is referred as the “Prior-Post” ambiguity, which
introduces the uncertainty to the decay widths and is expected to vanish if all of the pertinent wave
functions are precise solutions of H0 [67]. In this work, we take the average values of the “Prior”
and “Post” decay widths to calculate the decay ratios.
At the quark level, the amplitude for a hadronic molecule Zc (Zb) decaying into a charmonium
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FIG. 2: Post diagram of scattering process AB → CD.
(bottomonium) via emitting a light meson reads
T JJz = 〈[ΨC(qq¯)ΨD(QQ¯)ϕrelCD(qq¯, QQ¯)]J
′
J ′z
|
∑
i<j
HIij |[ΨA(qQ¯)ΨB(Qq¯)ϕrelAB]JJz〉
= Iflavor × Icolor × Ispin-space,
Ψ = φc ⊗ φf ⊗ ϕ,
Ifavor = 〈φf(C)φf(D)|φf(A)φf(B)〉,
Icolor = 〈φc(C)φc(D)|λi
2
λj
2
|φc(A)φc(B)〉,
Ispin-space = δJzJ ′z〈[ϕCϕDϕrelCD]J
′
J ′z
|
∑
i<j
∑
a
V ija |[ϕAϕBϕrelAB]JJz〉, (8)
where J (J ′) and Jz (J ′z) are the total angular momentum and its z-component of the initial (final)
state. Ψ is the meson wave function obtained in the relativized quark model in Sec. II A. It is
composed of the φf , φc, and ϕ, which represent the flavor, color, and spin-space wave functions
[2],
respectively. Correspondingly, the T -matrix element is factored into the product of three matrix
elements Iflavor, Icolor, and Ispin-space. In the flavor space, the Iflavor cancels out when we calculate
the branching fraction ratios of the molecular states decaying into the ground and radially excited
heavy quarkonium states. The Icolor takes
4
9
for qq and q¯q¯, and −4
9
for qq¯ interactions, respectively.
The ϕrelAB (ϕ
rel
CD) represents the relative wave function of the AB (CD) system in the momentum
space. We assume the Zc (Zb) state with J
P = 1+ to be an S-wave molecule and neglect the
contributions from the higher orbital excitations. Then, a Gaussian wave function is introduced to
approximately describe ϕrelAB:
ϕrelAB(PA) =
1
pi3/4β3/2
Exp[−P
2
A
2β2
],
r0 = 〈r2〉
1
2 =
√
3
2
1
β
, P0 = 〈P 2A〉
1
2 =
√
3
2
β, (9)
where PA is the c.m. momentum of the constituent meson A, and β is related to the root mean
[2] In this paper we work in the momentum space to calculate the amplitude. It is of course also feasible to work in the
coordinate space.
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square radius r0 and momentum P0 of the Zc (Zb) state. The r0-dependence of the branching
fraction ratios is discussed in the next section.
The Ispin-space in Eq. (8) is the matrix element in the spin and spatial space and reads
Ispin-space =
〈
[ϕCϕDϕ
rel
CD]
J ′
J ′z
|HIij |[ϕAϕBϕrelAB]JJz
〉
=
∑
a
∑
ij
〈 [
[(ϕCχC)
JC(ϕDχD)
JD ]JCD(ϕrelCD)
LCD
]J ′
J ′z
|V ija |
[
(ϕAχA)
JA(ϕBχB)
JBϕrelAB
]J
Jz
〉
=
∑
a
∑
ij
∑
S,L,S′,L′,L′′
δJJ ′δJzJ ′zW
S,L
S′,L′,L′′(−1)J+S+L
′′


S ′ S t
L L′′ J


×
〈[
(ΦCΦD)
L′ϕrelCD
LCD
]L′′
||f(q2)vt(q)||
(
ΦAΦBΦAB
)L〉
×
〈
(χCχD)
S′||vt(s)||(χAχB)S
〉
, (10)
where
W
S,L
S′,L′,L′′ = (−1)LCD+JCD+S
′+L′′SˆLˆJˆAJˆBSˆ ′Lˆ′JˆC JˆDLˆ′′ ˆJCD
×


SA SB S
LA LB L
JA JB J




SC SD S
′
LC LD L
′
JC JD JCD




LCD L
′ L′′
S ′ J ′ JCD

 , (11)
with Xˆ ≡ √2X + 1. The Φ and χ represent the spatial and spin wave functions of pertinent
mesons, respectively. For the mesonM (M = A, B, C, and D), SM , LM and JM denote its spin,
orbital angular momentum, and total angular momentum, respectively. In the S-wave molecular
state, the JA and JB couple into the total angular momentum J . In the final state, the JC couples
with JD to form the intermediate angular momentum JCD. Then, the coupling between JCD and
the relative orbital angular momentum LCD leads to the total angular momentum J
′. Via the spin
rearrangement, we decompose the J (J ′) into the total spin S (S ′) and the orbital angular momen-
tum L (L′′) of the initial (final) state with the coefficients W S,LS′,L′,L′′ . The notions |(χAχB)S〉 and
|(χCχD)S′〉 denote that the SA couples with SB into S and SC couples with SD into S ′, respec-
tively. The |(ΦAΦBΦAB)L〉 represents that LA and LB couples into the angular momentum L. The
notation |
[
(ΦCΦD)
L′ϕrelCD
LCD
]L′′
〉 represents the coupling of the orbital angular momentums. The
LC and LD couples into L
′, L′ then couples with LCD into the total orbital angular momentum L′′.
We also decompose the V ija in Eq. (2) into the spin and momentum space by rewriting it as
V ija = f(q
2)vt(s)vt(q), where the vt(s) (vt(q)) denote the tensor operator of order t in the spin
(momentum) space, and the f(q2) is the scalar part of the potential. The detailed calculations of
the spin-space factor Ispin-space are discussed in the following sections.
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III. NUMERICAL RESULTS
A. S-wave decays Zc → ψ(nS)π and Zb → Υ(nS)π
We define the branching fraction ratios as
RZc2 =
Γ(Zc → ψ(2S)pi)
Γ(Zc → J/ψpi) , R
Zb
2 =
Γ(Zb → Υ(2S)pi)
Γ(Zb → Υ(1S)pi) , R
Zb
3 =
Γ(Zb → Υ(3S)pi)
Γ(Zb → Υ(1S)pi) . (12)
Some of the ratios have been measured in experiments, although with large uncertainties. We
assume that the charged heavy quarkonium-like states Zc(3900), Zc(4020) and Zc(4430) are
hadronic molecules composed ofD∗D¯,D∗D¯∗, and D¯D∗(2s) or D¯∗D(2s), respectively. To justify
whether these assumptions are reasonable or not, we calculate the ratios defined in Eq. (12) by
employing the quark models introduced in Section II.
As illustrated in Eq. (2) and Eq. (10), the spin-orbit and tensor potentials contain a vector oper-
ator v1(q) and a tensor operator v2(q), respectively. They do not contribute to the S-wave decays
because of 〈L′′ = 0||v1,2(q)||L = 0〉 = 0. The spin and spatial operators in the coulomb-like, the
linear confinement and the hyperfine interactions are scalar. Then, these potentials contribute to
the S-wave decays. Eq. (10) is simplified as
Ispin-space = 〈ΦCΦDϕrelCD|f(q2)|ΦAΦBϕrelAB〉〈[χC(qq¯)χD(Q¯Q)]SSz |v(s)|[χA(qQ¯)χB(Qq¯)]SSz〉, (13)
where we have used the v0(q) = 1 and omitted all the orbital angular momentums since they are
0. The spin operator is v(s) = 1 or si · sj . We calculate the spin matrix elements using spin
rearrangement and list the results in Table II.
TABLE II: The matrix elements 〈[χCχD]SSz |si · sj | [χAχB ]SSz 〉 and 〈[χCχD]SSz |1 | [χAχB ]SSz 〉. The results
of the T1 (T2) are the same in the prior and post diagrams. The S and Sz denote the total spin and its z-
component of the state. [SA, SB]
S represents that the SA and SB combine into the total spin S.
〈[χCχD]SM |si · sj | [χAχB ]SM 〉 〈[χCχD]SM |1 | [χAχB]SM 〉
[SA, SB ]
S − [SC , SD]S C1-prior C2-prior C1-post C2-post T1 T2 All diagrams
[0, 1]1 − [0, 1]1 −38 18 −38 18 −18 38 12
[1, 1]1 − [0, 1]1 − 3
4
√
2
1
4
√
2
1
4
√
2
1
4
√
2
− 1
4
√
2
− 1
4
√
2
1√
2
[0, 1]1 − [1, 1]1 1
4
√
2
1
4
√
2
− 3
4
√
2
1
4
√
2
− 1
4
√
2
− 1
4
√
2
1√
2
[1, 1]1 − [1, 1]1 0 0 0 0 −12 12 0
The space factors Ispace ≡ 〈ΦCΦD(ϕrelCD)LCDmCD |f(q2)|ΦAΦBϕrelAB〉 are the overlap integrals of the
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wave functions and the interaction potentials. Their explicit forms are
IC1-Priorspace =
∫
dΩPC
∫
d3PA
∫
d3p
∫
d3qΦ∗C(q + p/2− 2PC)Φ∗D(q− p/2−PC − 2PA)
× Y LCD∗mCD (ΩPC)ΦA(q− p/2− aPA)ΦB(q− p/2− aPA − 2PC)ΦAB(PA)f(q2),
IC2-Priorspace =
∫
dΩPC
∫
d3PA
∫
d3p
∫
d3qΦ∗C(q + p/2 +PC − 2PA)Φ∗D(q− p/2 +PC)
× Y LCD∗mCD (ΩPC)ΦA(q− p/2− bPA)ΦB(q− p/2− bPA + 2PC)ΦAB(PA)f(q2),
IC1-Postspace =
∫
dΩPC
∫
d3PA
∫
d3p
∫
d3qΦ∗C(q + p/2−PC)Φ∗D(q + p/2 +PC − 2PA)
× Y LCD∗mCD (ΩPC)ΦA (q− p/2− aPA)ΦB(q+ p/2− aPA − 2PC)ΦAB(PA)f(q2),
IC2-Postspace =
∫
dΩPC
∫
d3PA
∫
d3p
∫
d3qΦ∗C(q− p/2 +PC − 2PA)Φ∗D(q− p/2 +PC)
× Y LCD∗mCD (ΩPC)ΦA(q− p/2− bPA)ΦB(q+ p/2− bPA + 2PC)ΦAB(PA)f(q2),
IT1space =
∫
dΩPC
∫
d3PA
∫
d3p
∫
d3qΦ∗C(q + p/2−PC)Φ∗D(q− p/2−PC − 2PA)
× Y LCD∗mCD (ΩPC)ΦA(q− p/2− aPA)ΦB(q + p/2− aPA − 2PC)ΦAB(PA)f(q2),
IT2space =
∫
dΩPC
∫
d3PA
∫
d3p
∫
d3qΦ∗C(q− p/2 +PC − 2PA)Φ∗D(q− p/2 +PCPA)
× Y LCD∗mCD (ΩPC)ΦA(q− p/2− bPA)ΦB(q+ p/2− bPA + 2PC)ΦAB(PA)f(q2),
where
a =
mq
mq +mQ
, b =
mQ
mq +mQ
, (14)
the Y LCDmCD (ΩPC) is the spherical harmonic function, the PA (PC) is the c.m. momentum of the
meson A (C), and mq (mQ) is the light (heavy) quark mass. The integral of each diagram due
to the linear confinement potential is divergent, but the singular parts exactly cancel out when
summing up all of the four diagrams (“Post” or “Prior”), which arises from the different signs of
the color factors for different diagrams. More details are given in the Appendix B.
The r0-dependence of the branching fraction ratios are displayed in Fig. 3 and Fig. 4. It is
obvious that the ratios increase with larger r0, which corresponds to the broader molecular wave
functions. The wave functions of the states with the radial quantum number n contain n − 1
nodes. The interaction potentials also contain nodes. When r0 is small enough, the nodes are
located outside the integration. Then, the exotic state prefers to decaying into the ground heavy
quarkonium via emitting a light meson due to the phase space. The decay ratio is smaller than 1.
When the r0 increases, the nodes from the potential and the radial excited states may be contained
in the integration. In the decay into the ground heavy quarkonium, the parts of the integrals before
and after the potential node interfere with each other destructively. In the decay into the radial
excited heavy quarkonium, the nodes in the wave functions interfere with those in the potentials.
This may lead to the enhancement of the decay amplitude. Thus, even with smaller phase space,
an exotic state may decay into a radial excited heavy quarkonium more easily. More interference
effects are included with broader molecular wave functions. Then, the ratio increases with larger
r0. When the r0 is large enough, the tails of wave functions enter the integration and slightly
influence the numerical results. The decay ratios tends to be stable.
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FIG. 3: The r0-dependence of the branching fraction ratios for Zc(3900), Zc(4020) and Zc(4430) decaying
into J/ψπ and ψ(2S)π.
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FIG. 4: The r0-dependence of the branching fraction ratios for Zb(10610) and Zb(10650) decaying into
Υ(nS)π, hb(1P )π and hb(2P )π.
The formation of the hadronic molecules is usually supposed to be dominated by the long-range
interactions between the components, for intance, the one-pion exchange potential. For a shallow
bound hadronic molecule (with massM) composed of particles A and B, the r0 is estimated to be
r0 =
√
1
2µEB
, (15)
where µ = mAmB
mA+mB
is the reduced mass of the constituent hadrons and EB = mA+mB−M is the
binding energy of the molecule. For the Zc(3900), Zc(4020), Zc(4475), Zb(10610) and Zb(10650)
states which are located above the corresponding thresholds, we still use the equation to estimate
their sizes with EB defined as |mA + mB −M |. The results are listed in Table III. With these
values of r0, we calculate the S-wave decay ratios and list them in Table IV.
The R
Zc(3900)
2 is much smaller than 1, indicating that the branching fraction of Zc(3900) into
J/ψpi is much larger than that of ψ(2S)pi. Interestingly, R
Zc(4020)
2 is around 1. When r0 = 1.5
fm, we find that |T (Zc(3900) → ψ(2S)pi)/T (Zc(3900) → J/ψpi)| ∼ 1.8 and |T (Zc(4020) →
ψ(2S)pi)/T (Zc(4020) → J/ψpi)| ∼ 2.5. It implies that both the D∗D¯ and D∗D¯∗ molecules
couple to ψ(2S)pi more strongly than to J/ψpi. The smaller partial width Γ(Zc(3900)→ ψ(2S)pi)
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TABLE III: The sizes of the molecular states with the central values of the masses used in the estimation.
Zc(3900) Zc(4020) Zc(4430)(D
∗D¯(2S)) Zc(4430)(D∗(2S)D¯) Zb(10610) Zb(10650)
r0 [fm] 0.9 1.7 0.5 3 1.6 1.6
TABLE IV: The S-wave decay ratios when we use the r0 listed in Table III. The experiment data is from
the Refs.[71, 72]. The RZc(4430) and R
Zc(4430)
2 represents the decay ratios of the Zc(4430) composed of
D∗D¯(2S) and D∗(2S)D¯, respectively. “...” denotes that the corresponding experimental result is absent.
R
Zc(3900)
2 R
Zc(4020)
2 R
Zc(4430) R
Zc(4430)
2 R
Zb(10610)
2 R
Zb(10610)
3 R
Zb(10650)
2 R
Zb(10650)
3
Theory 0.2 1.1 0.1 0.7 3.4 0.8 4.4 1.6
Experiment ... ... ∼ 10 ∼ 10 6.75 ± 2.56 4.00 ± 1.67 8.12 ± 4.20 9.53 ± 4.80
is due to the fact that the phase space of this channel is smaller, and the partial width is sensitive to
the final state momentum. The Zc(3900) is observed in the J/ψpi invariant mass spectrum, which
is consistent with our prediction that the ratio R
Zc(3900)
2 is much smaller than 1.
In the e+e− → ψ(2S)pi+pi− process, an obvious resonance-like structure around 4.03 GeV is
observed in the ψ(2S)pi± invariant mass spectrum for data at the c.m. energy
√
s = 4.416 GeV
[64]. This structure can be identified as the Zc(4020). The resonance-like structure around 3.9
GeV can also be seen in ψ(2S)pi± distributions at some c.m. energies, but this structure could also
arise from the reflection effect of the other structure around 4.03GeV in the Dalitz plot. Due to the
complexities of the Dalitz plots for the e+e− → ψ(2S)pi+pi− process at different c.m. energies,
the BESIII collaboration did not give a definite conclusion in their paper and claimed that their fit
cannot describe the data well [64]. The experimental ratios R
Zc(3900)
2 and R
Zc(4020)
2 are thus still
unknown.
The mass of Zc(4430) is close to the threshold of D¯D
∗(2S) or D¯(2S)D∗, and the more fa-
vorable quantum numbers are JP = 1+. Due to these properties, the Zc(4430) has ever been
identified as a molecular state composed of D¯D∗(2S) or D¯(2S)D∗. We display its strong de-
cay ratios with different r0 in two configurations in Fig. 3. We find the decay ratio is smaller
than 1, which is much smaller than the estimated ratio ∼ 10 in experiments. Without introduc-
ing any other dynamic mechanisms, this result implies that the assignment of a pure D¯D∗(2S) or
D¯(2S)D∗ hadronic molecule for Zc(4430) is not favourable. The ratio R
Zc(4430)
2 calculated in this
paper is different from that estimated in the naive nonrelativistic quark model [65], which shows
the model sensitivity of numerical results. This model sensitivity can be partly ascribed to the
uncertainties of the relevant wave functions. As listed in Tables VII and VIII, the relativized quark
model reproduces the charmed and bottomed meson spectra much better than the nonrelativistic
model. Thus, the relativized quark model is more suitable in describing the hadronic molecule
decays discussed in this paper.
We list the theoretical values ofRZb2,3 in Table IV. The calculated ratiosR
Zb(10610)
2 andR
Zb(10650)
2
approximately fall within the ranges of experimental values, but the theoretical ratios R
Zb(10610)
3
11
and R
Zb(10650)
3 significantly deviate from the experimental central values. However, one should
also notice that the uncertainties of the experimental data are still quite large, and the estimated
ratiosR
Zb(10610)
3 andR
Zb(10650)
3 are still of the same order as the experimental values. As a relatively
weak argument, these theoretical results to some extent can support the assumptions of identifying
Zb(10610) and Zb(10650) as the B
∗B¯ and B∗B¯∗ molecules, respectively.
B. P -wave decays Zb → hb(nP )π
For the decays Zc(b) → hc(b)(nP )pi, there is a P-wave orbital excitation between the two
hadrons in the final state. Since the masses of Zc(3900) and Zc(4020) are supposed to be be-
low the hc(2P )pi threshold, we do not discuss the ratios in relevant with the Zc states. For the two
Zb states, the hb(1P )pi and hb(2P )pi, we define the branching fraction ratio
R˜Zb2 =
Γ(Zb → hb(2P )pi)
Γ(Zb → hb(1P )pi) . (16)
In the decay process, the total spin S = 1 in the initial state flips into the total spin S ′ = 0 in the
final state, while the initial orbital momentum L = 0 flips into L′′ = 1 in the final state. Since
〈1||v0,2(q2)||0〉 = 0, the OGE Coulomb-like, the linear, the hyperfine and the tensor potentials do
not contribute. For the spin-orbital potential, the spin operator v1(s) = si is a vector. The reduced
matrix element for the sq is,
〈 [
χC(qq¯)χD(QQ¯)
]S′ ||sq|| [χA(qQ¯)χB(Qq¯)]S
〉
=
∑
S14,S23
(−1)SD+SB−2sQ−sq¯−sQ¯SˆASˆBSˆ14Sˆ23


sq sc¯ SA
sq¯ sc SB
S14 S23 S


δSD,S23(−1)S+SC+S13−1SˆSˆ ′
×


S14 S23 S
S ′ 1 SC

 (−1)
S14Sˆ14SˆC


SC 1 S14
1/2 1/2 1/2


√
sq(sq + 1)(2sq + 1), (17)
where sq (sq¯) and sQ (sQ¯) are the spin of light and heavy quarks (antiquarks), respectively. S14 and
S23 represent the spin of the two light and two heavy quarks in the initial state, respectively. The
calculations of the reduced matrix elements for the sq¯, sQ and sQ¯ are similar. We list the results in
Table V.
For the spatial reduced matrix, there is a relation
C
L′′L′′z
LLz ;1µ
Ispace = C
L′′L′′z
LLz ;1µ
〈[
(ΦCψD)
L′ΦLCDCD
]L′′
||f(q)vt(q)||[ΦAΦBΦAB]L
〉
=
√
2L′′ + 1CL
′′L′′z
L′L′z ,LCDmCD
〈ΦC(ΦD)LDmD(ϕrelCD)LCDmCD |f(q)v(q)1µ|ΦAΦBΦAB〉.(18)
For the decay Zb → hbpi, one has L = Lz = 0, t = 1, and LCD = L′ = L′′ = 1. The calculation
of the Ispace is similar to Eq. (14).
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TABLE V: 〈 [χCχD]S
′ ||sq|| [χAχB ]S 〉 in Eq. (17). S and S′ denote the total spin of the initial and final
states, respectively.
[SA, SB ]
S − [SC , SD]S′ sq sQ¯ sQ sq¯
[0, 1]1 − [0, 0]0 −
√
3
4
√
3
4 −
√
3
4
√
3
4
[1, 1]1 − [0, 0]0
√
3
2
√
2
√
3
2
√
2
−
√
3
2
√
2
−
√
3
2
√
2
[0, 1]1 − [1, 1]1 −14 14 34 −34
[1, 1]1 − [1, 1]1 1
2
√
2
1
2
√
2
- 1
2
√
2
- 1
2
√
2
TABLE VI: The P-wave decay ratios when the r0 is 1.6 fm. The experimental data comes from Ref. [72].
R˜2
Zb(10610) R˜2
Zb(10650)
Theory 2.1 1.0
Ref [73] 0.21 0.27
Experiment data 1.43± 0.85 1.84 ± 0.95
The r0-dependence of the ratio R˜
Zb
2 is illustrated in Fig. 4. In this figure, we find that the
R˜Zb2 increases with larger r0. The Zb(10610) and Zb(10650) prefer to decaying into the hb(2P )pi
channel when the r0 are larger than 1.0 fm and 1.7 fm, respectively. We list the numerical results
when the r0 is 1.6 fm in Table VI. Our results is larger than those in Ref [73], and fall in the range
of the experimental results.
IV. SUMMARY
In this work, we assume that the Zc and Zb states are hadronic molecules composed of open-
flavor mesons. In the framework of the relativized quark model and the quark-interchange model,
we calculate the branching fraction ratios of Zc (Zb) states decaying into ground and radially
excited charmonia (bottomonia) via emitting a pion meson. These ratios can be compared with
the experimental data, which are useful in judging whether the molecule state assignment for the
corresponding Zc or Zb state is reasonable or not. Our calculations indicate that the Zc(3900) and
Zc(4020) have a larger coupling with ψ(2S)pi than J/ψpi. However, constrained by the phase
space, the partial width Γ(Zc(3900) → J/ψpi) is much larger than Γ(Zc(3900) → ψ(2S)pi),
which is consistent with the current experimental observations. However, the explicit values of
R
Zc(3900)
2 and R
Zc(4020)
2 still need to be checked by the future experiments. The value of R
Zc(4430)
2
calculated in this relativized quark model is much smaller than the experiment estimation in Refs.
[1–4], which does not favor the assumption of identifying the Zc(4430) as a pure D¯D
∗(2S) or
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TABLE VII: Mass spectra of the charmed mesons. MRth, M
NR
th , and Mexp are the mass spectra in the
relativized quark model, the nonrelativistic quark model [65], and in experiments [74], respectively.
D D∗ D(2S) D∗(2S) J/ψ ψ(2S) hc(1P ) hc(2P ) χc0(1P ) χc1(1P ) χc2(1P )
MRth [GeV] 1.873 2.038 2.582 2.645 3.091 3.679 3.515 3.956 3.443 3.508 3.548
MNRth [GeV] 1.920 1.993 2.711 2.769 3.089 3.701 – – – – –
Mexp [GeV] 1.865 2.010 2.539 2.612 3.097 3.686 3.525 – 3.414 3.511 3.556
D¯∗D(2S) molecule. The ratios RZb2 and R
Zb
3 are approximately consistent with the experimental
estimations. Besides, the calculated P -wave decay ratio Γ(Zb → hb(2P )pi)/Γ(Zb → hb(1P )pi)
also approximately falls within the range of experimental values, which implies the B∗B¯/B∗B¯
molecule assignment for Zb(10610)/Zb(10650) is favorable.
It should be stressed that our calculations are based on the assumption that the Zc and Zb states
are hadronic molecules, and we use the Gaussian distribution functions to describe their relative
wave functions. This simple assumption about the formalism of molecular wave functions will
definitely bring some uncertainties to the numerical results. Fortunately, we notice that the decay
ratios are not very sensitive to the free parameter r0 of the wave functions.
The theoretical framework used in this work will be helpful in revealing the underlying struc-
tures of some exotic states. And it is also very promising that the predictions based on this frame-
work could be checked in the near future with the huge data samples accumulated by the BESIII,
LHCb, Belle and Belle-II collaborations.
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Appendix
A. The mass spectra
In the relativized quark model, the kinematic term is replaced by the relativistic term Ei =√
m2i + p
2
i . We calculate the mass spectra of the heavy mesons and the heavy qaurkonia. The
mass spectra of the mesons involved in this work are listed in Tables VII and VIII.
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TABLE VIII: Mass spectra of the bottom mesons. MRth, M
NR
th , and Mexp are the mass spectra in the
relativized quark model, the nonrelativistic quark model [65], and in experiments [74], respectively.
B B∗ B1 B∗1 Υ(1S) Υ(2S) Υ(3S) hb(1P ) hb(2P ) χb0(1P ) χb1(2P ) χb2(1P )
MRth [GeV] 5.310 5.369 5.905 5.934 9.466 10.010 10.359 9.881 10.251 9.847 9.876 9.896
MNRth [GeV] 5.387 5.411 5.748 - 9.471 9.944 10.347 – – – – –
Mexp [GeV] 5.279 5.325 - - 9.460 10.023 10.355 9.899 10.260 9.859 9.893 9.912
B. Ispace
The linear confinement effect Vl contributes to the S-wave decay amplitudes. In Eq. (14), the
Ispace in relevant with Vl is
∫
d3qe−
u
2
(q−q0)2Vl = 6pib
∫
d3qe−
u
2
(q−q0)2 e
− q2
4σ2
ij
q4
= −6pib(2pi)3/2√ze−µq
2
0
2 1F1(−1
2
,
3
2
;
µ2q20
2z
) + 6pib(2pi)e−
µq20
2 e−
zq2
2
2
q
|q→0.
where z = µ + 1
2σij2
. q0 and µ are parameters in relevant with the momenta and masses of the
mesons in the initial and final states. Their explicit forms are referred to Ref. [68]. When q = 0,
there is q0 = 0. The divergent terms in the Prior or Post diagrams cancel out exactly due to the
color factors.
For the P-wave decays, the spin-orbital effect V G,lso contribute and is factorized as f(q)
(q×Pi)·si
m2
.
The Ispace is,
Ispace ∼
∫
dqe−
µ
2
(q−q0)2f(q)qµ
=
1
µ
∂
∂qµ0
∫
dqe−
µ
2
(q−q0)2f(q) + q0µ
∫
dqe−
µ
2
(q−q0)2f(q).
The divergences arising from the two integrals are
1
µ
∂
∂qµ0
e−
µq20
2 [
sinh(µqq0)
µq0q2
+
cosh(µq0q)
q
]|q→0 + q0µe−
µq20
2 [
sinh(µqq0)
µq0q2
+
cosh(µq0q)
q
]|q→0
=
1
µ
e−
µq20
2 [
cosh(µqq0)
q20q
+
µ sinh(µq0q)
q0
− sinh(µq0q)
µq30q
2
]|q→0.
At q = 0, the two singular parts cancel out.
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